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General Certificate of Education /(
January 2006 A
Advanced Level Examination

ASSESSMENT and

MATHEMATICS MFP3 QUALIFICATIONS
Unit Further Pure 3 ALLIANCE

Friday 27 January 2006 1.30 pm to 3.00 pm

For this paper you must have:

® an 8-page answer book

* the blue AQA booklet of formulae and statistical tables
You may use a graphics calculator.

Time allowed: 1 hour 30 minutes

Instructions

¢ Use blue or black ink or ball-point pen. Pencil should only be used for drawing.

* Write the information required on the front of your answer book. The Examining Body for this
paper is AQA. The Paper Reference is MFP3.

* Answer all questions.

* All necessary working should be shown; otherwise marks for method may be lost.

Information
¢ The maximum mark for this paper is 75.
¢ The marks for questions are shown in brackets.

Advice
¢ Unless stated otherwise, formulae may be quoted, without proof, from the booklet.
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Answer all questions.

1 (a) Show that

1 2+ -
7'2 (F+1)2 I"z(l"—l—l)z ( mar S)

(b) Hence find the sum of the first n terms of the series

3 5 7
12><22+22><32+32><42+"' (4 marks)

2 The cubic equation
X +px2+qx+r:O
where p, ¢ and r are real, has roots o, f§ and 7.
(a) Given that
a+p+y=4 and w? + B2 +9% =20
find the values of p and gq. (5 marks)

(b) Given further that one root is 3 + i, find the value of r. (5 marks)

3 The complex numbers z; and z, are given by

Zl:ii—; and 22:%+\/7§i
(a) Show thatz; =1. (2 marks)
(b) Show that |z| = |z, ]. (2 marks)
(c) Express both z; and z, in the form reie, where >0 and —nt<0 < 7. (3 marks)

(d) Draw an Argand diagram to show the points representing z;, z, and z; +z,. (2 marks)
(e) Use your Argand diagram to show that

tan 15—215 =2++3 (3 marks)

P80782/Jan06/MFP2
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4 (a) Prove by induction that
24+ (Bx2)+(@x2) +... +(n+1)2" =n2"
for all integers n > 1. (6 marks)

(b) Show that
2n

Y (r+ 12 =n2r@ -1 (3 marks)
r=n-+1

5 The complex number z satisfies the relation

|z+4—4i|=4
(a) Sketch, on an Argand diagram, the locus of z. (3 marks)
(b) Show that the greatest value of |z| is 4 (v2 +1). (3 marks)

(c) Find the value of z for which
arg(z +4 — 4i) = éTC

Give your answer in the form a + 1b. (3 marks)

Turn over for the next question

Turn over p
P80782/Jan06/MFP2



4
6 It is given that z = elf.
(@) (1) Show that
1
z+—=2cos0 (2 marks)
z
(i1)) Find a similar expression for
2 _|_l2 (2 marks)
z
(ii1)) Hence show that
> 1 1 2 3 i
z"—z+2——-+—5=4cos"0 —2cosl (3 marks)
z z

(b) Hence solve the quartic equation
AP 422 —z+1=0

giving the roots in the form a + 1b. (5 marks)

7 (a) Use the definitions
sinh 0 = %(ee —e %) and cosh = %(ee + e~ %)
to show that:
(1) 2sinh6 coshf = sinh20; (2 marks)
(ii) cosh? 6 + sinh? 0 = cosh 2. (3 marks)
(b) A curve is given parametrically by
x = cosh® 0, y= sinh® 0

(1) Show that

dx\2 v\ 9 .
(@) + (@> _Zsmh 20 cosh 20 (6 marks)

(i) Show that the length of the arc of the curve from the point where 6 = 0 to the
point where 6 = 1 is

NS08

%[(coshz) —1} (6 marks)
END OF QUESTIONS

Copyright © 2006 AQA and its licensors. All rights reserved.
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Monday 19 June 2006 9.00 am to 10.30 am

For this paper you must have:

® an 8-page answer book

* the blue AQA booklet of formulae and statistical tables
You may use a graphics calculator.

Time allowed: 1 hour 30 minutes

Instructions

¢ Use blue or black ink or ball-point pen. Pencil should only be used for drawing.

¢ Write the information required on the front of your answer book. The Examining Body for this
paper is AQA. The Paper Reference is MFP3.

* Answer all questions.

¢ Show all necessary working; otherwise marks for method may be lost.

Information
¢ The maximum mark for this paper is 75.
¢ The marks for questions are shown in brackets.

Advice
e Unless stated otherwise, you may quote formulae, without proof, from the booklet.
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Answer all questions.

1 It is given that y satisfies the differential equation

&y _d
dx—*z— say+4y — 8x — 10 — 10 cos 2x
(a) Show that y = 2x + sin2x is a particular integral of the given differential equation.
(3 marks)
(b) Find the general solution of the differential equation. (4 marks)
) ) dy
(c) Hence express y in terms of x, given that y = 2 and o 0 when x = 0. (4 marks)
2 The function y(x) satisfies the differential equation
d
o= y)
2 2
where f(x,y) = ¥y
Xy
and y(1)=2
(a) Use the Euler formula
Y4l =V + hf(xr: yr)

with 2 = 0.1, to obtain an approximation to y(1.1). (3 marks)

(b) Use the improved Euler formula
1
Yr+1 = Vr + 2 (kl + kZ)
where k; = hf(x,, y,) and ky = hf(x, + h, y, + ky) and h = 0.1, to obtain an
approximation to y(1.1), giving your answer to four decimal places. (6 marks)

P85407/Jun06/MFP3
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3 (a) Show that sinx is an integrating factor for the differential equation

d
d_)): + (cotx)y =2 cosx (3 marks)
(b) Solve this differential equation, given that y = 2 when x = g (6 marks)

4 The diagram shows the curve C with polar equation

r==6(1—-cosf), 0<0<2n

0 Initial line

(a) Find the area of the region bounded by the curve C. (6 marks)
(b) The circle with cartesian equation x? 4 y? = 9 intersects the curve C at the points
A and B.
(1) Find the polar coordinates of 4 and B. (4 marks)
(i1) Find, in surd form, the length of AB. (2 marks)
: 3a+2 3
5 (a) Show that lim_ (2a " 3) =3 (2 marks)
(b) Evaluate JOO 3 2 dx, giving your answer in the form Ink, where £ is a
valu — , giv u w , W
L Gxr2 2xp3)tBVIREY
rational number. (5 marks)

Turn over p
P85407/Jun06/MFP3
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4
6 (a) Show that the substitution
dy
=42
u & + 2y
transforms the differential equation
dy L dy 2
@ + 4 a + 4y = ¢
into
du )
— 4 2u=¢ 4 k.
™ +2u=e (4 marks)
(b) By using an integrating factor, or otherwise, find the general solution of
du )
I
I +2u=¢e
giving your answer in the form u = f(x). (5 marks)
(c) Hence find the general solution of the differential equation
dy dy 2
@ +4 a +4y=ce
giving your answer in the form y = g(x). (5 marks)

P85407/Jun06/MFP3
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7 (a) (i) Write down the first three terms of the binomial expansion of (1 + y)_l, in

ascending powers of y. (1 mark)

(i1)) By using the expansion

and your answer to part (a)(i), or otherwise, show that the first three non-zero terms
in the expansion, in ascending powers of x, of secx are

2 4
5
1 —|—%+2)C—4 (5 marks)

(b) By using Maclaurin’s theorem, or otherwise, show that the first two non-zero terms in
the expansion, in ascending powers of x, of tanx are

X3

X+ 3 (3 marks)

x—0\secx — 1

fan 2
(¢) Hence find lim (m) (4 marks)

END OF QUESTIONS

P85407/Jun06/MFP3
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January 2007 A
Advanced Level Examination

ASSESSMENT and

MATHEMATICS MFP3 QUALIFICATIONS
Unit Further Pure 3 ALLIANCE

Friday 26 January 2007 1.30 pm to 3.00 pm

For this paper you must have:

® an 8-page answer book

® the blue AQA booklet of formulae and statistical tables.
You may use a graphics calculator.

Time allowed: 1 hour 30 minutes

Instructions

¢ Use blue or black ink or ball-point pen. Pencil should only be used for drawing.

¢ Write the information required on the front of your answer book. The Examining Body for this
paper is AQA. The Paper Reference is MFP3.

* Answer all questions.

¢ Show all necessary working; otherwise marks for method may be lost.

Information
¢ The maximum mark for this paper is 75.
¢ The marks for questions are shown in brackets.

Advice
e Unless stated otherwise, you may quote formulae, without proof, from the booklet.
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Answer all questions.

1 The function y(x) satisfies the differential equation

d

d—i = f(x, )
where f(x,y) = In(1 +x% +y)
and y(1)=0.6

(a) Use the Euler formula

Vigl =V + h f<xrv yr)

with 4 = 0.05, to obtain an approximation to y(1.05), giving your answer to four
decimal places. (3 marks)

(b) Use the improved Euler formula
1
Vrp1 =r +5(k + k)

where k; = hf(x,,y,.) and ky = hf(x, +h, y.+ k) and & = 0.05, to obtain an
approximation to y(1.05), giving your answer to four decimal places. (6 marks)

2 A curve has polar equation r(1 —sinfl) = 4. Find its cartesian equation in the
form y = f(x). (6 marks)

3 (a) Show that x? is an integrating factor for the first-order differential equation

dy 2 1
ay+;y:3(x3—|—l)2 (3 marks)
(b) Solve this differential equation, given that y =1 when x = 2. (6 marks)

P89991/Jan07/MFP3
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3
: ®Inx . . :
4 (a) Explain why | —= dx is an improper integral. (1 mark)
0 VX
1
(b) Use integration by parts to find Jx 2Inx dx. (3 marks)
®Inx . :
(¢) Show that 7 dx exists and find its value. (4 marks)
0 VX

5 Find the general solution of the differential equation
Cy a6y (12 marks)
— — 4= = sin
02 e X marks
1
6 The function f is defined by f(x) = (1 + 2x)>.
(a) (i) Find f""(x). (4 marks)
(11) Using Maclaurin’s theorem, show that, for small values of x,

fx) = 1 +x— %xz —}—%x3 (4 marks)

(b) Use the expansion of e* together with the result in part (a)(ii) to show that, for small
values of x,

No|—

e¥(142x)% ~ 1 4 2x + x% + kx?
where k is a rational number to be found. (3 marks)

(c) Write down the first four terms in the expansion, in ascending powers of x, of e*.
(1 mark)

(d) Find

Tol—

lim €*(1 4+ 2x)* — e2x

x—0 1 — cosx (4 marks)

Turn over for the next question

Turn over p
P89991/Jan07/MFP3
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7 A curve C has polar equation
r==64+4cos0, —n<0<n

The diagram shows a sketch of the curve C, the pole O and the initial line.

Initial line -

|

(a) Calculate the area of the region bounded by the curve C. (6 marks)
. . : ) 2n
(b) The point P is the point on the curve C for which 6 = 3
The point Q is the point on C for which 0 = .

Show that QP is parallel to the line 6 = g (4 marks)

(c) The line PQ intersects the curve C again at a point R.
The line RO intersects C again at a point S'.
(1) Find, in surd form, the length of PS. (4 marks)

(1)) Show that the angle OPS is a right angle. (1 mark)

END OF QUESTIONS

Copyright © 2007 AQA and its licensors. All rights reserved.
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For this paper you must have:

® an 8-page answer book

® the blue AQA booklet of formulae and statistical tables.
You may use a graphics calculator.

Time allowed: 1 hour 30 minutes

Instructions
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ASSESSMENT and
MFP3 QUALIFICATIONS

ALLIANCE

¢ Use blue or black ink or ball-point pen. Pencil should only be used for drawing.

paper is AQA. The Paper Reference is MFP3.
Answer all questions.

Information
¢ The maximum mark for this paper is 75.
¢ The marks for questions are shown in brackets.

Advice

Write the information required on the front of your answer book. The Examining Body for this

Show all necessary working; otherwise marks for method may be lost.

e Unless stated otherwise, you may quote formulae, without proof, from the booklet.
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Answer all questions.

1 (a) Find the value of the constant & for which kx2e>* is a particular integral of the
differential equation

d?y dy 5

— — 10— + 25y = 6e>* 6 marks

dx? dx d ( /
(b) Hence find the general solution of this differential equation. (4 marks)

2 The function y(x) satisfies the differential equation

dy

2,

5 @)
where f(x,y) = \/x2+y2+3
and y(1)=2

(a) Use the Euler formula

Vil =Vr + hf(xra yr)

with 4 = 0.1, to obtain an approximation to y(1.1), giving your answer to four decimal
places. (3 marks)

(b) Use the improved Euler formula
1
Vrp1 =Yrt+5 (ki + k)

where ky = hf(x,, y,) and ky, = hf(x, +h, y.+ k) and h = 0.1, to obtain an
approximation to y(1.1), giving your answer to four decimal places. (6 marks)

3 By using an integrating factor, find the solution of the differential equation
dy

— + (tanx)y = secx

T (tanx)y

given that y =3 when x = 0. (8 marks)

P93926/Jun07/MFP3
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4 (a) Show that (cosO +sin0)? =1+ sin20. (1 mark)
(b) A curve has cartesian equation
4
(x*+3%) = (x+)
Given that » > 0, show that the polar equation of the curve is

r=1+sin20 (4 marks)

(c) The curve with polar equation
r=1+sin20, —n<O<n

is shown in the diagram.

Initial line

(1) Find the two values of 0 for which » = 0. (3 marks)

(i1)) Find the area of one of the loops. (6 marks)

Turn over for the next question

Turn over p
P93926/Jun07/MFP3
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5 (a) A differential equation is given by

d?y dy 5

2
x*=1)—=—-2x—==x"+1
( )12~ X
Show that the substitution
d
u= e +x
transforms this differential equation into
d 2
au = xzyill (4 marks)
(b) Find the general solution of
du  2xu
dr  x2—1
giving your answer in the form u = f(x). (5 marks)
(c) Hence find the general solution of the differential equation
(x? — l)dz—y—2xd—y:x2+l
dx2 dx
giving your answer in the form y = g(x). (3 marks)

P93926/Jun07/MFP3
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6 (a) The function f is defined by
f(x) =1In(1 +¢%)
Use Maclaurin’s theorem to show that when f(x) is expanded in ascending powers of x:

(1) the first three terms are

In2 +%x—|—%x2 (6 marks)

(ii) the coefficient of x3 is zero. (3 marks)

(b) Hence write down the first two non-zero terms in the expansion, in ascending powers

1 X
of x. of ln< +2e ) (1 mark)

(c) Use the series expansion
In(1 + x) R s
3 3
to write down the first three terms in the expansion, in ascending powers of x,

of ln(l —g) . (1 mark)

(d) Use your answers to parts (b) and (c) to find

X
(5 1)
lim (4 marks)

x—=0 X — sinx

7 (a) Write down the value of

X

lim xe™
T oo (1 mark)

—x(] _
(b) Use the substitution u = xe ™ + 1 to find u dx. (2 marks)
xe 41
m p—
(c) Hence evaluate J pe dx, showing the limiting process used. (4 marks)
1 X

END OF QUESTIONS

P93926/Jun07/MFP3
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General Certificate of Education /(
January 2008 A
Advanced Level Examination

ASSESSMENT and

MATHEMATICS MFP3 QUALIFICATIONS
Unit Further Pure 3 ALLIANCE

Friday 25 January 2008 1.30 pm to 3.00 pm

For this paper you must have:

® an 8-page answer book

® the blue AQA booklet of formulae and statistical tables.
You may use a graphics calculator.

Time allowed: 1 hour 30 minutes

Instructions

¢ Use blue or black ink or ball-point pen. Pencil should only be used for drawing.

¢ Write the information required on the front of your answer book. The Examining Body for this
paper is AQA. The Paper Reference is MFP3.

* Answer all questions.

¢ Show all necessary working; otherwise marks for method may be lost.

Information
¢ The maximum mark for this paper is 75.
¢ The marks for questions are shown in brackets.

Advice
e Unless stated otherwise, you may quote formulae, without proof, from the booklet.
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Answer all questions.

1 The function y(x) satisfies the differential equation

dy

= f(x,

5 @)
where flx, y) = x2 — y?
and y(2) =1

(a) Use the Euler formula
Vg1 = Yp + A0, ;)
with 4 = 0.1, to obtain an approximation to y(2.1). (3 marks)
(b) Use the formula
Yral = Yp—1 + 2ht(x,, yy)

with your answer to part (a), to obtain an approximation to y(2.2). (3 marks)

P97604/Jan08/MFP3
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2 The diagram shows a sketch of part of the curve C whose polar equation is » =1 +tan 0.
The point O is the pole.

Initial line

0 P

The points P and Q on the curve are given by 0 =0 and 0 = g respectively.

(a) Show that the area of the region bounded by the curve C and the lines OP and OQ is

%\/ﬁ +1n2 (6 marks)
(b) Hence find the area of the shaded region bounded by the line PQ and the arc PQ of C.
(3 marks)
3 (a) Find the general solution of the differential equation
Py (W5 (6 marks)
it = = marks
RIS

. . d
(b) Hence express y in terms of x, given that y =2 and ay =3 when x =0. (4 marks)

o0
4 (a) Explain why J xe 3*dx is an improper integral. (1 mark)
1
(b) Find Jxe_3xdx. (3 marks)
0
(c) Hence evaluate J xe ¥ dx, showing the limiting process used. (3 marks)
1

Turn over p
P97604/Jan08/MFP3



5 By using an integrating factor, find the solution of the differential equation

dy+ 4x
i, =X
dx x2+1y

given that y = 1 when x = 0. Give your answer in the form y = f(x). (9 marks)

6 A curve C has polar equation

r2sin20 = 8
(a) Find the cartesian equation of C in the form y = f(x). (3 marks)
(b) Sketch the curve C. (1 mark)
(¢) The line with polar equation » = 2sec 0 intersects C at the point 4. Find the
polar coordinates of A. (4 marks)
7 (a) (i) Write down the expansion of In(1 4 2x) in ascending powers of x up to and
including the term in x3. (2 marks)
(i1) State the range of values of x for which this expansion is valid. (1 mark)
o dy d%y a3y
b 1) Given that y =Incosx, find —, — and —. 4 marks
b) @) y e g and (4 marks)
.. ) d4y
(i1)) Find the value of ) when x =0. (3 marks)
(ii1)) Hence, by using Maclaurin’s theorem, show that the first two non-zero terms in

(c) Find

P97604/Jan08/MFP3

the expansion, in ascending powers of x, of Incosx are

2 4
X% x
_Tr 2
I (2 marks)
lim [xIn(1+ 2x)
x—0 ch — Incosx (3 marks)

PMT
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8 (a) Given that x = ¢’ and that y is a function of x, show that:

) dy dy
1) x—=-—"; 3 marks
(1) o ( )
d?y d%y dy
(1) x oo a4 (3 marks)

(b) Hence find the general solution of the differential equation

d? d
2 47y Ly
x“———6x—+6y=0 5 marks
12 ] )y (. )

END OF QUESTIONS

P97604/Jan08/MFP3
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For this paper you must have:

® a 12-page answer book

* the blue AQA booklet of formulae and statistical tables.
You may use a graphics calculator.

Time allowed: 1 hour 30 minutes

Instructions

¢ Use black ink or black ball-point pen. Pencil should only be used for drawing.

¢ Write the information required on the front of your answer book. The Examining Body for this
paper is AQA. The Paper Reference is MFP3.

* Answer all questions.

¢ Show all necessary working; otherwise marks for method may be lost.

Information
¢ The maximum mark for this paper is 75.
¢ The marks for questions are shown in brackets.

Advice
e Unless stated otherwise, you may quote formulae, without proof, from the booklet.
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Answer all questions.

1 The function y(x) satisfies the differential equation

dy

= f(x,

5 @)
where f(x, y) =In(x +y)
and y(2)=3

Use the improved Euler formula

1
Vrr1 =Y, T3k + ko)

where k| = hf(x,, y,) and ky, = hf(x, + h, y, + k) and h = 0.1, to obtain an approximation
to y(2.1), giving your answer to four decimal places. (6 marks)

2 (a) Find the values of the constants a, b, ¢ and d for which a + bx + c¢sinx + dcosx is a
particular integral of the differential equation

d
Y 3y = 10sinx — 3x (4 marks)
dx
(b) Hence find the general solution of this differential equation. (3 marks)
3 (a) Show that x> =1 — 2y can be written in the form x* + y? = (1 —y)z. (1 mark)

(b) A curve has cartesian equation x2 =1 —2y.

Find its polar equation in the form r = f(6), given that »>0. (5 marks)

P5520/Jun08/MFP3



3
4 (a) A differential equation is given by
&y d
xod 32
dx?  dx
Show that the substitution
dy
u=-—=
dx
transforms this differential equation into
du 1
o =3« (2 marks)
dx
(b) By using an integrating factor, find the general solution of
du 1
o u=13x
dx
giving your answer in the form u = f(x). (6 marks)
(c) Hence find the general solution of the differential equation
d2
L dy = 3x2
dx?  dx
giving your answer in the form y = g(x). (2 marks)
5 (a) Find Jx3 Inx dx. (3 marks)
(4
(b) Explain why J x3Inx dx is an improper integral. (1 mark)
0
(5]
(c) Evaluate J x> Inx dx, showing the limiting process used. (3 marks)
0
6 (a) Find the general solution of the differential equation
&y _ 2V 3y =10e 2 -9 (10 marks)
dx? dx
. ) dy
(b) Hence express y in terms of x, given that y =7 when x = 0 and that o — 0

as x — 0.

Turn over for the next question

P5520/Jun08/MFP3

(4 marks)

Turn over p
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7 (a) Write down the expansion of sin2x in ascending powers of x up to and including the
term in x> . (1 mark)

d d?
(b) (1) Given that y = /3 4 e*, find the values of &y and dx—)zj when x =0. (5 marks)

(i1) Using Maclaurin’s theorem, show that, for small values of x,
V3+e® %2+ix—|—6l4x2 (2 marks)

(c) Find

Y0 W (3 markS)

lim {\/Hiex - 2}

8 The polar equation of a curve C is
r=5+2cos0, —n<0<n

(a) Verify that the points 4 and B, with polar coordinates (7,0) and (3,7) respectively,

lie on the curve C. (2 marks)
(b) Sketch the curve C. (2 marks)
(c) Find the area of the region bounded by the curve C. (6 marks)

(d) The point P is the point on the curve C for which 6 = o, where 0 <o < —. The

o a

point Q lies on the curve such that POQ is a straight line, where the point O is the
pole. Find, in terms of «, the area of triangle OOB. (4 marks)

END OF QUESTIONS

Copyright © 2008 AQA and its licensors. All rights reserved.
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For this paper you must have:

® a 12-page answer book

¢ the blue AQA booklet of formulae and statistical tables.
You may use a graphics calculator.

Time allowed: 1 hour 30 minutes

Instructions

¢ Use black ink or black ball-point pen. Pencil should only be used for drawing.

¢ Write the information required on the front of your answer book. The Examining Body for this
paper is AQA. The Paper Reference is MFP3.

¢ Answer all questions.

¢ Show all necessary working; otherwise marks for method may be lost.

Information
* The maximum mark for this paper is 75.
* The marks for questions are shown in brackets.

Advice
¢ Unless stated otherwise, you may quote formulae, without proof, from the booklet.
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Answer all questions.

1 The function y(x) satisfies the differential equation

dy
= = f(x,
5 @)
2 2
x“+y
h f(x, y) =
where (x, ») Ty
and y(1) =3

(a) Use the Euler formula
Yrp1 =Yr +hf(x., y,)
with 4 = 0.2, to obtain an approximation to y(1.2). (3 marks)
(b) Use the improved Euler formula
Yr1 =Vr+ % (k1 + k)

where k; = hf(x,, y,) and k, = hf(x. + A, y, +k;) and A = 0.2, to obtain an
approximation to y(1.2), giving your answer to four decimal places. (5 marks)

1
2 (a) Show that — is an integrating factor for the first-order differential equation
X

dy 2
&y—;y:x (3 marks)

(b) Hence find the general solution of this differential equation, giving your answer in the
form y = f(x). (4 marks)
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PMT

3 The diagram shows a sketch of a loop, the pole O and the initial line.

19) Initial line

The polar equation of the loop is
r=2+cosf)vsinf, 0<0<m

Find the area enclosed by the loop. (6 marks)

4 (a) Use integration by parts to show that Jlnxdx =xInx — x + ¢, where c is an arbitrary

constant. (2 marks)
1

(b) Hence evaluate J Inx dx, showing the limiting process used. (4 marks)
0

5 The diagram shows a sketch of a curve C, the pole O and the initial line.

) Tnitial Tine”
The curve C has polar equation
2
=——  0<0<2
" T3 2c0s0” &
(a) Verify that the point L with polar coordinates (2, m) lies on C. (1 mark)

(b) The circle with polar equation » = 1 intersects C at the points M and N.
(1) Find the polar coordinates of M and N. (3 marks)
(i) Find the area of triangle LMN. (4 marks)
(c) Find a cartesian equation of C, giving your answer in the form 9y% = f (x). (5 marks)

Turn over for the next question

Turn over p
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6 The function f is defined by f(x) = e*(1 +3x) 3.

(2)

wWIro

(i) Use the series expansion for e to write down the first four terms in the series
expansion of e . (2 marks)

_2
(ii) Use the binomial series expansion of (1 + 3x) * and your answer to part (a)(i) to
show that the first three non-zero terms in the series expansion of f(x) are

14 3x2 —6x3. (5 marks)
L . d2y
(b) (i) Given that y = In(1 + 2sinx), find ok (4 marks)
(1)) By using Maclaurin’s theorem, show that, for small values of x,
In(1 + 2sinx) ~ 2x — 2x2 (2 marks)
(¢) Find
lim 1 —f(x)
3 k.
x=0xIn(1 + 2sinx) (3 marks)
7 (a) Given that x = ¢’ and that y is a function of x, show that
&y &y d
24y y @
XT—==—"—-—= 7 marks
dx2  de? dt ( /
(b) Hence show that the substitution x = e’ transforms the differential equation
2
29 Yy
dx2 dx
into
dy dy
—-5—=10 2 marks
ez dt ( /
) ) ) ) ) dzy dy
(c) Find the general solution of the differential equation w2 5 m =10. (5 marks)
t
d? d d
(d) Hence solve the differential equation 22 4P , given that y = 0 and Y_g
dx? dx dx
when x =1. (5 marks)

END OF QUESTIONS

Copyright © 2009 AQA and its licensors. All rights reserved.
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Answer all questions.

1 The function y(x) satisfies the differential equation

dy

= f(x,

5 @)
where f(x,y) = vx2+y+1
and y(3) =2

(a) Use the Euler formula

Vigl =Vp T h f<xra yr)

with 7 = 0.1, to obtain an approximation to y(3.1), giving your answer to four
decimal places. (3 marks)

(b) Use the formula

Vigl =Vp—1 + 2h f(xra yr)

with your answer to part (a), to obtain an approximation to y(3.2), giving your answer
to three decimal places. (3 marks)

2 By using an integrating factor, find the solution of the differential equation
ad — ytanx = 2sinx
dx

given that y =2 when x = 0. (9 marks)

P15568/Jun09/MFP3
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3 The diagram shows a sketch of a circle which passes through the origin O.

Y A

»
»

O X

The equation of the circle is (x — 3)? + (y — 4)?> =25 and O4 is a diameter.
(a) Find the cartesian coordinates of the point 4. (2 marks)

(b) Using O as the pole and the positive x-axis as the initial line, the polar coordinates of A4
are (k, o).

(1) Find the value of £ and the value of tano . (2 marks)

(i) Find the polar equation of the circle (x —3)> + (y — 4)> = 25, giving your
answer in the form » = pcos0 + ¢gsin0. (4 marks)

4 Evaluate the improper integral

/1 4
- — dx
Jl (x 4x—i—1)

showing the limiting process used and giving your answer in the form Ink, where k is a
constant to be found. (5 marks)

5 It is given that y satisfies the differential equation

dy dy
—— 4+ 2=+ 5y=28sinx +4cosx
a2 a7

(a) Find the value of the constant & for which y = ksinx is a particular integral of the

given differential equation. (3 marks)

(b) Solve the differential equation, expressing y in terms of x, given that y = 1 and

d
d—i =4 whenx =0. (8 marks)

Turn over p
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6 The function f is defined by

N|—

f(x) = (9 + tanx)
(a) (i) Find f"(x). (4 marks)

(i) By using Maclaurin’s theorem, show that, for small values of x,

—_

x2

9+ tanx)§ ~ 3+ % ~ 18 (3 marks)

(b) Find

lim [M]

x—0 | sin3x (3 marks)
7 The diagram shows the curve C; with polar equation

0
r=1+6e %, 0<0<2m

O Initial
line

(a) Find, in terms of m and e, the area of the shaded region bounded by C; and the initial
line. (5 marks)

(b) The polar equation of a curve C; is

Sketch the curve C, and state the polar coordinates of the end-points of this curve.
(4 marks)

(c) The curves C and C, intersect at the point P. Find the polar coordinates of P.
(5 marks)

P15568/Jun09/MFP3
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8 (a) Given that x = t2, where ¢ > 0, and that v is a function of x, show that:

. dy dy
1) 2v/x —=—; 3 marks
i) 2vx  ds (. )
dy dy  d%
1) 4dx——+2—=—=. 3 marks
(i) FRCRE Y (. )

(b) Hence show that the substitution x = 72, where ¢ > 0, transforms the differential

equation
4xdz—y—|—2(1 —|—2\/)_C)Q—3 =0
2 o
into
@4-2@—3 =0 (2 marks)
a2 4 T

(c) Hence find the general solution of the differential equation

d%y dy
4x—=+2(14+2/x)==3y=0

giving your answer in the form y = g(x). (4 marks)

END OF QUESTIONS
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Answer all questions.

1 The function y(x) satisfies the differential equation

% = f(x )
where f(x, y) =xIn(2x + y)
and y(33)=2
(a) Use the Euler formula

(b)

(b)

(©)

(d)

Yr+1 = Vr +h f<xr> yr)

with 2 = 0.1, to obtain an approximation to y(3.1), giving your answer to four
decimal places. (3 marks)

Use the improved Euler formula
1
Vel =V, T3k + k)

where ky = hf(x,, y,) and ky, = hf(x.+h, y.+ky) and & = 0.1, to obtain an
approximation to y(3.1), giving your answer to four decimal places. (5 marks)

d? y

. dy
Given that y = In(4 + 3x), find — and —=. 3 marks
y = In( ) 4, and -3 ( )

Hence, by using Maclaurin’s theorem, find the first three terms in the expansion, in
ascending powers of x, of In(4 + 3x). (2 marks)

Write down the first three terms in the expansion, in ascending powers of x,
of In(4 — 3x). (1 mark)

Show that, for small values of x,

4 + 3x 3
| = 2
n(4_3x> X (2 marks)

P21941/Jan10/MFP3
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3
3 (a) A differential equation is given by
d?y d
X —>+2—=3x
dx? dx
Show that the substitution
dy
u=-—=
dx

du 2
—u+—u =3 (2 marks)
dx x
(b) Find the general solution of

du 2
= +-u=3
dx

giving your answer in the form u = f(x). (5 marks)

(c) Hence find the general solution of the differential equation

dy  dy
x@+2a=3x

giving your answer in the form y = g(x). (2 marks)

4 (a) Write down the expansion of sin 3x in ascending powers of x up to and including the
term in x° . (1 mark)

(b) Find

lim [3x cos 2x — sin 3x} (4 marks)

x—0 5x3

Turn over p
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5 It is given that y satisfies the differential equation

&y L dy o
—+3=+2y=2e""
o2 T

(a) Find the value of the constant p for which y = pxe=%* is a particular integral of the

iven differential equation. 4 marks
g q

(b) Solve the differential equation, expressing y in terms of x, given that y =2

d
and Y 0 when x =0. (8 marks)
dx
. ®nx? : .
6 (a) Explain why — dx is an improper integral. (1 mark)
1 X
: . 1 Inx?
(b) (i) Show that the substitution y = — transforms | ——dx into [2yInydy.
X X
(2 marks)
1
(i1)) Evaluate J 2yInydy, showing the limiting process used. (5 marks)
0
: % In x2
(iii)) Hence write down the value of 3 dx. (1 mark)
1 X
7 Find the general solution of the differential equation
dzy 2 .
o2 +4y = 8x“ 4+ 9sinx (8 marks)

P21941/Jan10/MFP3
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8 The diagram shows a sketch of a curve C and a line L, which is parallel to the initial line
and touches the curve at the points P and Q.

0 P
R

0 Initial line

L

The polar equation of the curve C is
r=4(1 —sinf), 0<0<2n
and the polar equation of the line L is

rsinf =1

(a) Show that the polar coordinates of P are (2, %) and find the polar coordinates of Q.
(5 marks)

(b) Find the area of the shaded region R bounded by the line L and the curve C. Give your
answer in the form m+/3 + nn, where m and n are integers. (11 marks)

END OF QUESTIONS
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1 The function y(x) satisfies the differential equation
dy
— = f(x,
5 Ty
where f(x,y) =x+3 +siny
and y(1) =1
(a) Use the Euler formula
Yr+l1 = Vr + hf(xw yr)
with 4 = 0.1, to obtain an approximation to y(1.1), giving your answer to four
decimal places. (3 marks)
(b) Use the formula
Vel =Vp—1 T 2hf(xra yr)
with your answer to part (), to obtain an approximation to y(1.2), giving your
answer to three decimal places. (3 marks)
2 (a) Find the value of the constant k& for which ksin2x is a particular integral of the
differential equation
d2y )
) + y = sin2x (3 marks)
(b) Hence find the general solution of this differential equation. (4 marks)
0
3 (a) Explain why J 4xe”* dx is an improper integral. (1 mark)
1
(b) Find J4xe_4xdx. (3 marks)
0
(c) Hence evaluate J 4xe ™ dx, showing the limiting process used. (3 marks)

1
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4 By using an integrating factor, find the solution of the differential equation
dy 3 4 3
4y = 3)2
FA )
given that y = é when x =1. (9 marks)
5 (a) Write down the expansion of cos4x in ascending powers of x up to and including
the term in x*. Give your answer in its simplest form. (2 marks)
. dy d? d?
(b) (i) Given that y = In(2 — ¢*), find ay , é and a); .
3
(You may leave your expression for 3 unsimplified.) (6 marks)
(ii) Hence, by using Maclaurin’s theorem, show that the first three non-zero terms in the
expansion, in ascending powers of x, of In(2 —e¥) are
—x—x?—x3 (2 marks)
(c) Find
lim [xIn(2 —¢e%)
0 [71 ~cosdx (3 marks)
6 The polar equation of a curve Cj is

(@) (i)
(ii)

r=2(cosf —sinfl), 0<6<2n
Find the cartesian equation of Cj . (4 marks)

Deduce that C; is a circle and find its radius and the cartesian coordinates of its
centre. (3 marks)

Turn over »
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(b) The diagram shows the curve C, with polar equation

r=4+sinfl, 0<0<2n

0 Initial line

hd >

(i) Find the area of the region that is bounded by C, . (6 marks)
(ii) Prove that the curves C; and C, do not intersect. (4 marks)
(iii) Find the area of the region that is outside C; but inside C, . (2 marks)
1
7 (a) Given that x =¢2, x >0, > 0 and y is a function of x, show that:
dy Ldy
i) —=22"; 2 marks
(i) o & ( )
&y &y dy
i) —=4—+2—. 3 marks,
() dx? dr? dr ( /
1
(b) Hence show that the substitution x = ¢2 transforms the differential equation
d%y 2 dy 3 5
x———(8x“+1)—+12x"y = 12x
12 ( )4 y
into
d?y  dy
— —4—+3y=73¢ 2 marks
a2 a7 ( /
(c) Hence find the general solution of the differential equation
d%y 2 dy 3 5
x——(8x“+1)=+12x"y = 12x
12 | )4 y
giving your answer in the form y = f(x). (7 marks)

END OF QUESTIONS
Copyright © 2010 AQA and its licensors. All rights reserved.
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2
1 The function y(x) satisfies the differential equation
dy
— = f(x,
5 Ty
where fx,y) =x+/y
and y(3) =4

Use the improved Euler formula

1
Vel = Vr + E(kl + k2)

where k; = hf(x,, y,) and k, = hf(x, +h, y.+k;) and h = 0.1, to obtain an
approximation to y(3.1), giving your answer to three decimal places. (5 marks)

2 (a) Find the values of the constants p and ¢ for which psinx 4 gcosx is a particular
integral of the differential equation

d
—y-l—Sy: 13 cosx (3 marks)
dx
(b) Hence find the general solution of this differential equation. (3 marks)
3 A curve C has polar equation 7(1 +cosf) =2.
(a) Find the cartesian equation of C, giving your answer in the form y? = f (x).
(5 marks)
(b) The straight line with polar equation 47 = 3 sec 0 intersects the curve C at the points
P and Q. Find the length of PQ. (4 marks)
4 By using an integrating factor, find the solution of the differential equation
dy 2
Ey Ly = ox3e

given that y = ¢* when x =2. Give your answer in the form y = f(x). (9 marks)

P38505/Jan11/MFP3
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5 (a) Write — in the form ¢ where C is a constant
4x+1 3x+2 (4x+1)(3x+2)’ '
(1 mark)
(b) Evaluate the improper integral
o© 10
| dx
1 (x+1)(3x+2)
showing the limiting process used and giving your answer in the form Ink, where k
is a constant. (6 marks)
6 The diagram shows a sketch of a curve C.
0 Initial line
The polar equation of the curve is
r=2sin20vcos0, 0<0 <g
Show that the area of the region bounded by C is % (7 marks)
7 (a) Write down the expansions in ascending powers of x up to and including the term

(b)

(i)
(ii)

(i)

(ii)

in x3 of:

CosX + sinx; (1 mark)
In(1 + 3x). (1 mark)
tanx

It is given that y =e

2

d d d
Find ay and show that 5)2} = (1 + tanx)? ay (5 marks)
y
Find the value of o3 when x =0. (2 marks)

Turn over »
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(iii) Hence, by using Maclaurin’s theorem, show that the first four terms in the expansion,

in ascending powers of x, of e®"* are
1 —l—x—f—%xz +%x3 (2 marks)
(c) Find
. tanx :
lim [e™" — (cosx + sinx)
3 k.
x—0 xIn(1 4+ 3x) (3 marks)
8 (a) Given that x = e’ and that y is a function of x, show that
d d
2 (2 marks)
dx dr
(b) Hence show that the substitution x = e’ transforms the differential equation
d? d
24y o
x“——=—-3x—=+4+4y=2Inx
a2 T C
into
&y 2 Y4y = o (5 marks)
— — 4= = marks
a2 a Y
(c) Find the general solution of the differential equation
&y 2V g o (6 marks)
24 = marks
a2
. . . 2 d2y dy .
(d) Hence solve the differential equation x oz 3x£ +4y =2Inx, given
3 d 1
that y = — and Y when x=1. (5 marks)
2 dx 2

Copyright © 2011 AQA and its licensors. All rights reserved.
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2
1 The function y(x) satisfies the differential equation
dy
— = f(x,
4 =Ty
where f(x,y) =x+In(l +y)
and y(2)=1

Use the improved Euler formula
1
Va1 = Yr + 3k + k)

where k; = hf(x,, y,) and k, = hf(x, + h, y.+k;) and h = 0.2, to obtain an
approximation to y(2.2), giving your answer to four decimal places. (5 marks)

X

2 (a) Find the values of the constants p and ¢ for which p + gxe 2
of the differential equation

is a particular integral

d*y dy 2

—+—=—2y=4—-9¢ 5 marks

dx?  dx 4 ( /
(b) Hence find the general solution of this differential equation. (3 marks)

d
(c) Hence express y in terms of x, given that y =4 when x = 0 and that ay — 0

as x — 0. (4 marks)
3(a)  Find Ilenxdx. (3 marks)
€
(b) Explain why J x%Inxdx is an improper integral. (1 mark)
0
€
(c) Evaluate J x?Inxdr, showing the limiting process used. (3 marks)
0

02
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4 By using an integrating factor, find the solution of the differential equation
dy+(cot )y =sin2x, 0< I
— X))y = X x <=
dr d ’ 2
. 1 i
given that y = 7 when x = r (10 marks)
5 (a) Given that In(1 4 2tanx), find dy and &Ly
= x —_— _—
Y 5 dx a2
) d2y ) )
(You may leave your expression for o2 unsimplified.) (4 marks)
(b) Hence, using Maclaurin’s theorem, find the first two non-zero terms in the expansion,
in ascending powers of x, of In(1 + 2tanx). (2 marks)
(c) Find
lim [In(1 + 2tanx)
Y0 {m (4 marks)
6 A differential equation is given by
s Er L ady 3
(x"+1)——3x"—=2—4x
dx? dx
(a) Show that the substitution
d
U= & 2x
dx
transforms this differential equation into
3, e oo
(x> 4+1)— =3x“u (4 marks)
dx
(b) Hence find the general solution of the differential equation
(x> + l)dz—y—3x2d—y:2 — 4x3
dx2 dx
giving your answer in the form y = f(x). (8 marks)

03
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(a)
(b) (i)

(ii)

(i)

4
The curve Cj is defined by » =2sinf), 0<0 < g
The curve C, is defined by » =tan0, 0<0 < g
Find a cartesian equation of C; . (3 marks)

Prove that the curves C; and C, meet at the pole O and at one other point, P, in the
given domain. State the polar coordinates of P. (4 marks)

The point 4 is the point on the curve C| at which 0 = %

The point B is the point on the curve C, at which 0 = g

Determine which of the points 4 or B is further away from the pole O, justifying
your answer. (2 marks)

Show that the area of the region bounded by the arc OP of C; and the arc OP of C,
is am + b\/3, where a and b are rational numbers. (10 marks)

END OF QUESTIONS

Copyright © 2011 AQA and its licensors. All rights reserved.
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(a)

(b)

The function y(x) satisfies the differential equation

dy
= = f(x,
] (x,»)

y—x
where f(x, y) =
(x, ») T x

and y(l)=2
Use the Euler formula
Va1 = Yr +hE(x y)
with 2 = 0.1, to obtain an approximation to y(1.1). (3 marks)
Use the formula
V1 = Yro1 + 201 (x,, ;)

with your answer to part (), to obtain an approximation to y(1.2), giving your
answer to three decimal places. (3 marks)

Find

oo |/ (3 marks)

x+x2

lim [m - 2]

02

Solve the differential equation

&y _dy
—=+2—=+ 10y = 26¢”
a2 a7

d
given that y =5 and &y =11 when x =0. Give your answer in the form

y=f(x). (10 marks)
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3
4 (a) By using an integrating factor, find the general solution of the differential equation
dy 2
iy =1 7 k.
& + . y=Inx (7 marks)
(b) Hence, given that y — 0 as x — 0, find the value of y when x = 1. (3 marks)
. x(1-2x) . . :
5 (a) Explain why — 4, dx 1s an improper integral. (1 mark)
L oxe+ 3e™
(b) By using the substitution u = x2e~* + 3, find
x(1 —2x)
Jm dx (3 mal"kS)
* x(1 —2x) . o
(c) Hence evaluate —— -+ dx, showing the limiting process used. (4 marks)
% x2 + 3e4x
. d4y
6 (a) Given that y = Incos2x, find o4 (6 marks)

(b)

(c)

03

Use Maclaurin’s theorem to show that the first two non-zero terms in the expansion,

in ascending powers of x, of Incos2x are —2x% — %x“. (3 marks)

Hence find the first two non-zero terms in the expansion, in ascending powers of x,
of Insec? 2x. (2 marks)

Turn over »
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(a)

(b)

It is given that, for x = 0, y satisfies the differential equation

d’y dy
x@+2(3x + 1)£—|— 3y(3x+2) =18

Show that the substitution u = xy transforms this differential equation into

2
d
%—1—6&“—#%!: 18x (4 marks)

Hence find the general solution of the differential equation

d’y dy
x@+2(3x + l)a—k 3y(3x+2) = 18x

giving your answer in the form y = f(x). (8 marks)

(a)
(b)

0 4

The diagram shows a sketch of the curve C with polar equation

r=3+2cosf, 0<0<2n

Initial line

Find the area of the region bounded by the curve C. (6 marks)

A circle, whose cartesian equation is (x — 4)2 +y2 = 16, intersects the curve C at
the points 4 and B.

Find, in surd form, the length of AB. (6 marks)

(ii) Find the perimeter of the segment AOB of the circle, where O is the pole. (3 marks)
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2
1 The function y(x) satisfies the differential equation
dy
— = f(x,
5 Ty
where f(x, ) =+v(2x) +
and y(2)=9

Use the improved Euler formula

1
Yr+1 = Vr +§(kl +k2)

where &y = hf(x,, y,) and k, = hf(x, + h, y, + k) and h = 0.25, to obtain an

approximation to y(2.25), giving your answer to two decimal places. (5 marks)
2 (a) Write down the expansion of sin2x in ascending powers of x up to and including
the term in x°. (1 mark)

(b) Show that, for some value of «,

lim | 2x —sin2x
= — 16
x2In(1 + kx)

x—0

and state this value of k. (4 marks)
3 The diagram shows a sketch of a curve C, the pole O and the initial line.
0 >

Initial line

The polar equation of C is

r=2v1+4tanf, —

<0<

I
IS

Show that the area of the shaded region, bounded by the curve C and the initial line,
is g— In2. (4 marks)

02
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3
4 (a) By using an integrating factor, find the general solution of the differential equation
dy 5
— =4(2x+ 1
a T T
giving your answer in the form y = f(x). (7 marks)
(b) The gradient of a curve at any point (x, y) on the curve is given by the differential
equation
dy 5
—=4(2x+1)" —
FERRMC A vy B
The point whose x-coordinate is zero is a stationary point of the curve. Using your
answer to part (a), find the equation of the curve. (3 marks)
5 (a) Find Ixze_xdx. (4 marks)
o0
(b) Hence evaluate J xZe ¥ dx, showing the limiting process used. (3 marks)
0
6 It is given that y = In(1 + sinx).
dy
a Find —. 2 marks
(a) i ( )
b)  Show that S — ¢ 3 mark
(b) owtatQ——e . (3 marks)
dy dy
c Express — in terms of — and e™. 3 marks
(c) press 3 . ( )
(d) Hence, by using Maclaurin’s theorem, find the first four non-zero terms in the
expansion, in ascending powers of x, of In(1 + sinx). (3 marks)

Turn over »
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7 (a) Show that the substitution x = e’ transforms the differential equation
2Py Y s + 20sin(Inx)
xc—= —4x— = X
&2 e
: d?y dy .
into — —5—+6y=3-+20sin¢ (7 marks)
dr2  dt
(b) Find the general solution of the differential equation
d?y _dy .
— —5—=—+6y=3+20sint (11 marks)
2 dt
(c) Write down the general solution of the differential equation
xzﬁ—4xd—y+6 =3+ 20sin(Inx) (1 mark)
w2
8 (a) A curve has cartesian equation xy = 8. Show that the polar equation of the curve is

(b)

(i)
(ii)

(iii)

0 4

r? =16 cosec 26 . (3 marks)

The diagram shows a sketch of the curve, C, whose polar equation is

72 = 16cosec20, 0<0 <g

0 Tnitial line *

Find the polar coordinates of the point N which lies on the curve C and is closest to
the pole O. (2 marks)

The circle whose polar equation is 7 = 41/2 intersects the curve C at the points P
and Q. Find, in an exact form, the polar coordinates of P and Q. (4 marks)

The obtuse angle PNQ is o radians. Find the value of «, giving your answer to three
significant figures. (5 marks)
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2
1 It is given that y(x) satisfies the differential equation
dy
— =f(x,
5 Ty
where fx,y)=+v2x+y
and y(3)=5
(a) Use the Euler formula
Yr+1 = Vr + hf<xra yr)
with 4 = 0.2, to obtain an approximation to y(3.2), giving your answer to four
decimal places. (3 marks)
(b) Use the formula
Y+l = V=1 + 2hf(xr> yr)
with your answer to part (), to obtain an approximation to y(3.4), giving your
answer to three decimal places. (3 marks)
2 (a) Write down the expansion of e3* in ascending powers of x up to and including the
term in x2. (1 mark)
(b) Hence, or otherwise, find the term in x2 in the expansion, in ascending powers of x,
3
of e*(1 4 2x) 2. (4 marks)
3 It is given that the general solution of the differential equation

02

¢y dy
SR |
&2 e Y

is y = e*(4x + B). Hence find the general solution of the differential equation

&y _dy
—— 2= +y=06e" 5 marks
dx? dx Y ( )
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1
4 (a) Explain why J x*Inxdx is an improper integral. (1 mark)
0
1
(b) Evaluate J x*Inxdx, showing the limiting process used. (6 marks)
0
5 (a) Show that tanx is an integrating factor for the differential equation
dy sec’x
— =t 2
& tany y =tanx (2 marks)
(b) Hence solve this differential equation, given that y =3 when x = g (6 marks)
6 (a) It is given that y = In(e>* cosx).
: dy
(i) Show that & =3 —tanx. (3 marks)
o dhy
(ii) Find ot (3 marks)
(b) Hence use Maclaurin’s theorem to show that the first three non-zero terms in the
expansion, in ascending powers of x, of In(e* cosx) are 3x — %xz — %x“.
(3 marks)

(c)

(d) (i)

(ii)

03

Write down the expansion of In(1 + px), where p is a constant, in ascending powers
of x up to and including the term in x?2. (1 mark)

. 1 3x
Find the value of p for which lim |, (£7C08X exists.
x—=0 |x2 1+ px

lim |1 e3* cosx .
Hence find the value of —In when p takes the value found in
x—=0|x2 1 +px

part (d)(i). (4 marks)

Turn over »
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7 (a)

(b)

(c)

(d)

0 4

Find the general solution of the differential equation

¢y _dy 2
—= —6—+ 10y = e
2 de 4
giving your answer in the form y = f(¢). (6 marks)

N —

Given that x =¢2, x >0, > 0 and y is a function of x, show that

&y d%y dy
— =4t—=+ 2= 5 marks
dx? de? dt ( )

1
Hence show that the substitution x = ¢2 transforms the differential equation

d%y 2 dy 3 3 0x2
x—=— (12x“ + 1) =+ 40x°y = 4x°e**
dx? ( )dx 4
nto
&y dy 2
—— 66—+ 10y = e 2 marks
dr? dt 4 ( /

Hence write down the general solution of the differential equation

d?y 2 dy 3 3 2x2
x—=— (12x“ + 1) =+ 40x"y = 4x°e~* 1 mark
12 )4 y ( )
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(a) (i)
(if)
(iii)

(b) (i)

(ii)

05

The diagram shows a sketch of a curve.

P
S
0 N Initial line

The polar equation of the curve is

1
r = sin20 (2+§cos9) , 0<0 <

|2

The point P is the point of the curve at which 0 = g
The perpendicular from P to the initial line meets the initial line at the point N.

Find the exact value of » when 6 = g (2 marks)
. . . 3V3
Show that the polar equation of the line PN is r = Tsec 0. (2 marks)

k
Find the area of triangle ONP in the form

128" where £ is an integer. (2 marks)

Using the substitution u = sin @, or otherwise, find Jsinn 0 cos0df, where n = 2.
(2 marks)

Find the area of the shaded region bounded by the line OP and the arc OP of the
curve. Give your answer in the form am + bv/3 + ¢, where a, b and ¢ are constants.
(8 marks)

Copyright © 2013 AQA and its licensors. All rights reserved.
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2
1 It is given that y(x) satisfies the differential equation
dy
— = f(x,
4 =Ty
where flx,y)=(x—y)vx+y
and y(2) =1
Use the improved Euler formula
1
Y4l =Vr + E(kl + k2)
where k; = hf(x,, y,) and k, = hf(x, + h, y.+k;) and h = 0.2, to obtain an
approximation to y(2.2), giving your answer to three decimal places. (5 marks)
2 The Cartesian equation of a circle is (x + 8)> + (y — 6)% = 100.
Using the origin O as the pole and the positive x-axis as the initial line, find the
polar equation of this circle, giving your answer in the form » = psinf + gcos0 .
(4 marks)
3 (a) Find the values of the constants a, b and ¢ for which a + bx + cxe™>* is a particular
integral of the differential equation
ﬁ + 2Q — 3y =3x— 8 ¥ (5 marks)
dx? dx
(b) Hence find the general solution of this differential equation. (3 marks)
. . dy
(c) Hence express y in terms of x, given that y = 1 when x = 0 and that o — —1 as
X — 00. (4 marks)
4 Evaluate the improper integral

02

ccr 2 4
|, Grimm)
0 \X 244 2x+3
showing the limiting process used and giving your answer in the form In k&, where k
is a constant. (6 marks)

P61328/Jun13/MFP3
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3
5 (a) Differentiate In(Inx) with respect to x. (1 mark)
(b) (i) Show that Inx is an integrating factor for the first-order differential equation
d 1
—y+—y:9x2, x>1 (2 marks)
dx xlnx
(i) Hence find the solution of this differential equation, given that y = 4¢3 when x =e.
(6 marks)
1
6 It is given that y = (4 + sinx)?2.
dy .
(a) Express y& in terms of cosx. (2 marks)
y
(b) Find the value of e when x =0. (5 marks)
(c) Hence, by using Maclaurin’s theorem, find the first four terms in the expansion, in
1
ascending powers of x, of (4 + sinx)?2. (2 marks)
7 A differential equation is given by

(a)

(b)

03

o d? _ d .
51n2x—y — 2smxcosx—y+ 2y = 2sin*xcosx, 0<x<m
dx2 dx

Show that the substitution
Yy =usinx
where u is a function of x, transforms this differential equation into

d?u )
o2 + u = sin2x (5 marks)

Hence find the general solution of the differential equation

¢ d
.o d7y . Ly . 4
sin“x—= — 2sinxcosx— + 2y = 2sin" x cos X
dx2 dx 4
giving your answer in the form y = f(x). (6 marks)

Turn over »
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4
8 The diagram shows a sketch of a curve and a circle.
Initial line
0 »
P 0
The polar equation of the curve is
r=3+2sinf, 0<60<2n
The circle, whose polar equation is » = 2, intersects the curve at the points P and Q,
as shown in the diagram.
(a) Find the polar coordinates of P and the polar coordinates of Q. (3 marks)
(b) A straight line, drawn from the point P through the pole O, intersects the curve again
at the point 4.
(i) Find the polar coordinates of A. (2 marks)
(ii) Find, in surd form, the length of AQ. (3 marks)
(iii) Hence, or otherwise, explain why the line AQ is a tangent to the circle r = 2.
(2 marks)
(c) Find the area of the shaded region which lies inside the circle » = 2 but outside the

0 4

curve 7 =3 4+ 2sin0. Give your answer in the form %(m\ﬁ + nm), where m and n
are integers. (9 marks)
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Do not write
2 outside the
box

Answer all questions.

Answer each question in the space provided for that question.

1 It is given that y(x) satisfies the differential equation
dy
— = f(x,
1 =)
|
where f(x,y) = Infx+)
Iny
and y(6) =3

Use the improved Euler formula
1
yr+l =) + E(kl + k2>
where k; = hf(x,, y,) and k, = hf(x, + h, y. + k) and h = 0.4, to obtain an

approximation to y(6.4), giving your answer to three decimal places.
[5 marks]

“onr | Answer space for question 1
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02
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2 (a) Find the values of the constants a, b and ¢ for which a + bsin2x 4 ccos2x is a

dy
— +4y =20 — 20cos 2x
Fe 4
[4 marks]
(b) Hence find the solution of this differential equation, given that y =4 when x =0.
[4 marks]

particular integral of the differential equation

QUESTION
PART
REFERENCE

Answer space for question 2

0 4
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3 A curve has polar equation (4 — 3 cos ) = 4. Find its Cartesian equation in the
form y? = f(x).
[4 marks]
e | Answer space for question 3

06
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4 Solve the differential equation
dy dy x
. dy
given that y — 0 as x — oo and that &: —3 when x =0.
[10 marks]
R‘Zﬁg; Answer space for question 4

0 8
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5 (a) Find chos 8x dx.
[3 marks]
)  Find Jm [Lgoy
x—0 [y )
[2 marks]

s
% 1

(c) Explain why J4 (2 cot2x — —+ xcos 8x) dx is an improper integral.
0

X
[1 mark]
7 1
(d) Evaluate J4 (2 cot2x — —+ xcos 8x) dx, showing the limiting process used. Give
X
0
your answer as a single term.
[4 marks]
" | Answer space for question 5
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6 (a) By using an integrating factor, find the general solution of the differential equation
du 2x
—— =3(x>+4
giving your answer in the form u = f(x).
[6 marks]
I 2 dy . . .
(b) Show that the substitution u = x o transforms the differential equation
x2(x? +4)d—2y+ e 3(x% +4)?
dx? dx
into
du 2x
—— =3(x*+ 4
Fe L (x“+4)
[4 marks]
(c) Hence, given that x > 0, find the general solution of the differential equation
dy o dy
2¢.2 2 2
x*(x*+4)—+8&—==3(x"+4
(0 +4) T8 =3+ 4)
[2 marks]
e | Answer space for question 6

12
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16 OUtS[igithe
7 (a) It is given that y = In(cosx + sinx).
(i) Show that fy _ 2
dx2  1+4+sin2x’
[4 marks]
R
(ii) Find oo
[1 mark]

(b) () Hence use Maclaurin’s theorem to show that the first three non-zero terms in the

expansion, in ascending powers of x, of In(cosx + sinx) are x — x2 + %x3 .
[3 marks]

(i) Write down the first three non-zero terms in the expansion, in ascending powers of x,
of In(cosx — sinx).

[1 mark]
(c) Hence find the first three non-zero terms in the expansion, in ascending powers of x,
cos 2x
of In <e3x—1) .
[4 marks]

e | Answer space for question 7

REFERENCE

16
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8 The diagram shows a sketch of a curve C, the pole O and the initial line. The
curve C intersects the initial line at the point P.

.

g . |
Initial line

i i
The polar equation of Cis » = (1 — tan® 0) sec 0, ~2 <0< e
(a) Show that the area of the region bounded by the curve C is %
[5 marks]
(b) The curve whose polar equation is
1 3 T T
=-sec’ 0, —— <0<~
) 4 4
intersects C at the points 4 and B.
(i) Find the polar coordinates of 4 and B.
[3 marks]

(i) Given that angle O4AP = angle OBP = o , show that tano = k+/3, where £ is an
integer.
[4 marks]

(iii) Using your value of k from part (b)(ii), state whether the point 4 lies inside or lies
outside the circle whose diameter is OP. Give a reason for your answer.
[1 mark]

‘o | Answer space for question 8
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Do not write
2 outside the
box

Answer all questions.

Answer each question in the space provided for that question.

1 It is given that y(x) satisfies the differential equation
dy
— = f(x,
1 =)
2
where f(x,y) = Xty
x
and y(2)=>5

(a) Use the Euler formula

yr—H =Y + hf(xw yr)

with 2 = 0.05, to obtain an approximation to y(2.05).
[2 marks]

(b) Use the formula
yr+1 =Vr + 2hf(xr9 yr)
with your answer to part (a), to obtain an approximation to y(2.1), giving your answer

to three significant figures.
[3 marks]

“owr | Answer space for question 1
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4
2 By using an integrating factor, find the solution of the differential equation
dy 3
— + (tanx)y = tan” xsecx
o T (tanx)y
. i
given that y =2 when x = —.
3 [9 marks]
‘o | Answer space for question 2
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3 (a) (i) Write down the expansion of In(1 4 2x) in ascending powers of x up to and including
the term in x*.
[1 mark]
(ii) Hence, or otherwise, find the first two non-zero terms in the expansion of

In[(1 + 2x)(1 — 2x)]

in ascending powers of x and state the range of values of x for which the expansion is

QUESTION
PART
REFERENCE

valid.
[3 marks]
: 3x —xv9
(b)  Find 1M XYoXvohx |
x>0 {In[(1 4 2x)(1 — 2x)]
[4 marks]
Answer space for question 3
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4 (a) Explain why J (x — 2)e **dx is an improper integral.
2

[1 mark]
o0
(b) Evaluate J (x — 2)e >"dx, showing the limiting process used.
2
[6 marks]
e | Answer space for question 4
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5 (a) Find the general solution of the differential equation

d?y dy .
— 4+ 6—+9y = 36sin3x
a2 e
[7 marks]

(b) It is given that y = f(x) is the solution of the differential equation

d?y dy )
—— 46—+ 9y = 36sin3x
&2 e

such that £(0) =0 and f'(0) =0.

() Show that f”(0) = 0.
[1 mark]

(i) Find the first two non-zero terms in the expansion, in ascending powers of x, of f(x).
[3 marks]

“onr | Answer space for question 5
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6 A differential equation is given by

dZ
4V/x3 dxz +(2vA)y = Va(nx): +5, x>0

(a) Show that the substitution x = e* transforms this differential equation into
dy dy >
—— 2= 42y =4t"+5¢"!
d? a7
[7 marks]
(b) Hence find the general solution of the differential equation
dzy 2
4/ x> @—1— (2vx)y = Vx(lnx)" +5, x>0
[10 marks]
‘o | Answer space for question 6
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7

(a)

(b)

(i)

(ii) Show that the length of OB is %<\/13 1) .

(iii) Find the length of AB, giving your answer to three significant figures.

The diagram shows the sketch of a curve C;.

| -
Initial line”™

The polar equation of the curve C; is

A

r=1+cos20, ——=<0<K

T T
2 2

Find the area of the region bounded by the curve C; .

[5 marks]

The curve C, whose polar equation is
r=1+sin0, -—

intersects the curve C,| at the pole O and at the point A. The straight line drawn
through A4 parallel to the initial line intersects C, again at the point B.

Find the polar coordinates of A.
[4 marks]

[6 marks]

[3 marks]

QUESTION

~rr | Answer space for question 7
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